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a b s t r a c t 

Numerical investigation of mixed convection flow and heat transfer with different nanofluids inside an 

eccentric horizontal annulus is presented. The nanofluids include Cu, TiO 2 and Al 2 O 3 nanoparticles with 

water as a base fluid. The inner and outer cylinders are kept at different constant temperatures with 

the inner at a higher magnitude than the outer. Moreover, the inner cylinder rotates to create the forced 

convection effect. Different scenarios are explored to clarify the effects of Richardson number, eccentricity 

ratio, and solid volume fraction with ranges of 0.01 (forced convection) ≤ Ri ≤ 100 (natural convection), 

0 ≤ ε ≤ 0.9, and 0.01 ≤ λ ≤ 0.05, respectively. Results are accomplished with Grashof number, and radius 

ratio, equal to 10 4 and 2, respectively. The generated results include the average Nusselt number, stream- 

lines, and isotherms. The numerical work is carried out using an in-house CFD code written in FORTRAN. 

Results are discussed and are found to be in good approval with preceding works. It is found that the ef- 

fect of nanoparticles on the heat transfer enhancement is more pronounced at mixed convection (Ri = 1) 

and natural convection regions (Ri > 1), however at forced convection region (Ri ≤ 0.1) the nanoparticles 

addition has an opposite effect. 

© 2016 Taiwan Institute of Chemical Engineers. Published by Elsevier B.V. All rights reserved. 
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. Introduction 

Recently, convection heat transfer between two eccentric and

oncentric cylinders has been the topic of many theoretical and

xperimental studies. This is due to its great importance in many

ngineering applications, such as heat exchangers, journal bear-

ng, electrical motors and generators, thermal storage systems and

ooling of electronic components. Many studies have been per-

ormed for the classical natural convection heat transfer problems

n a horizontal annulus [1–8] ; these studies were only for pure

uid. Yoo [9–11] studied the effect of Prandtl number on the natu-

al convection within horizontal cylindrical annulus with different

olutions methods. Also, the solution methodology of natural con-

ection within concentric and eccentric annulus for both laminar

nd turbulent flow was performed [12–16] . In addition, the natu-

al convection in horizontal cylindrical annulus employing porous

edia is studied [17–22] due to its importance in many industrial

pplications such as solar collector and energy storage systems. 

Extraordinary considerable efforts to augment the rate of heat

ransfer in different ways have been executed by several inves-

igations. As a pioneering idea, nanofluid has been announced
∗ Corresponding author. Tel.: + 20 1004090302; fax: + 20 452230646. 
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23–26] , accordingly the natural convection in horizontal annulus

s enhanced by the nanoparticles addition [27–30] . Abu-Nada

t al. [31] studied the effect of nanoparticles addition on the

atural convection of a nanofluid in a concentric annulus taking

nto account variable viscosity and variable thermal conductivity.

lso, Matin and Pop [32] studied numerically the natural convec-

ion flow and heat transfer of Copper (Cu)–water nanofluid inside

n eccentric horizontal annulus, they investigated the effects of

ccentricity, radii ratio, nanoparticles volume fraction, Rayleigh

umber and Prandtl number on the average Nusselt number. It

as found that the eccentricity has a significant effect on the heat

ransfer rate. 

Mixed convection heat transfer in horizontal cylindrical annu-

us has less attention, Al-Amiri et al. [33] and Teamah [34] inves-

igated numerically the double-diffusive mixed convection within

 two-dimensional, horizontal annulus, with the rotation of the

uter cylinder, they found that the heat transfer is influenced by

ichardson number as well as Lewis number, Prandtl number, and

he buoyancy ratio. Mozayyeni and Rahimi [35] performed numer-

cal solution for mixed convection of fluid in the fully developed

egion in a horizontal concentric cylindrical annulus with differ-

nt uniform wall temperatures, in addition, the outer cylinder is

otated in anticlockwise direction, and the fluid inside the annu-

us is subjected to a uniform magnetic field. Char et al. [36] per-

ormed numerical computations for turbulent mixed convection of

ir in horizontal concentric annulus between cooled outer cylinder
ights reserved. 
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Nomenclature 

b Annulus gab width,(r o −r i ), m. 

C P Specific heat at constant pressure, J/kg K. 

e Eccentricity, m. 

g Acceleration of gravity, m/s 2 

Gr Thermal Grashof number. 

k Thermal conductivity, W/m K. 

Nu Average Nusselt number. 

Nu φ Local Nusselt number. 

p Pressure, N/ m 

2 . 

P Dimensionless pressure. 

Pe Péclet number. 

Pr Prandtl number. 

r Radial coordinate. 

r i , r o Inner and outer radii respectively, m. 

R Dimensionless radial coordinates. 

Ra Thermal Rayleigh number. 

Ri Richardson number. 

Re Rotational Reynolds number. 

Rr Radius ratio. 

T Local temperature, K. 

T c , T h Temperatures at outer and inner radii respectively, 

K. 

�T Temperature difference, (T h −T c ), K. 

u Radial velocity in transform rectangular domain, 

m/s. 

v Tangential velocity in transform rectangular domain, 

m/s. 

v r Velocity in r-direction, m/s. 

v φ Velocity in φ-direction, m/s. 

Greek symbols 

α Thermal diffusivity, m 

2 /s. 

β Coefficient of thermal expansion, K 

−1 . 

ε Eccentricity ratio. 

φ Angular coordinate. 

λ Solid volume fraction. 

ν Kinematic viscosity, m 

2 /s. 

ω Angular velocity, rad/s. 

ρ Density, kg/m 

3 . 

θ Dimensionless temperature. 

Subscript 

f Fluid. 

nf Nanofluid 

s Solid. 

and heated, rotating inner cylinder at low Reynolds number. The

results showed that the rotation has caused a significant reduc-

tion in the mean heat transfer. Khanafer and Chamkha [37] investi-

gated mixed convection in horizontal annulus filled with a uniform

fluid-saturated porous medium in the presence of internal heat

generation. The inner cylinder is heated while the outer cylinder

is cooled. The obtained results depicted that, Richardson number

plays a significant role in the heat transfer characterization within

the annulus. 

Nevertheless, the studies of mixed convection [33–37] have

been limited to the concentric annulus, without nanoparticles ad-

dition. 

Cao et al. [38] proposed a decent methodology in simulating

the complex convection heat transfer phenomena, they proposed a

numerical approach for dealing with irregular geometries in dis-

sipative particle dynamics system and by which the application

of dissipative particle dynamics can be extended to mimic hydro-
ynamics in arbitrarily complex geometries, good agreement be-

ween their proposed methodology and both the finite volume so-

utions and the experimental data as well as the lattice Boltzmann

ethod. 

However, to the knowledge of the authors, it is the first time

hich flow in an annulus has been considered with employing

ixed convection heat transfer utilizing nanofluid. The eccentricity

ffect on the mixed convection heat transfer in an annulus utiliz-

ng nanofluid gives a value to this study. 

. Scope and objective 

The scope of the present work is focused on studying the ef-

ects of nanoparticles type (thermal properties effect) and vol-

me fraction, on the heat transfer in an eccentric annulus sub-

ected to mixed convection heat transfer. The numerical work is

onducted after laborious affirmation and validation procedures,

hich demonstrated that the code solves the governing equations

ith insignificant numerical and modeling errors. The main ob-

ective of the present work is to establish the superior nanopar-

icle type from the commonly used nanoparticles (Cu, TiO 2, and

l 2 O 3 ) to enhance the heat transfer within the eccentric annulus.

he methodology followed to achieve these objectives, via numeri-

al analysis using an in-house CFD code written in FORTRAN, were

reatly built on a comprehensive, practical understanding of the

erification and validation processes mandatory for CFD analysis. 

. Mathematical model and computational approach 

The system under consideration is shown in Fig. 1 in both di-

ensional and dimensionless forms. The dimensionless form, in-

lude both polar ( R, φ) coordinates and transform rectangular ( ζ ,

) coordinates. The steady-state two-dimensional mixed convec-

ion of a different nanofluid in annuli of eccentric horizontal cylin-

ers is considered. The outer cylinder is kept cooled at tempera-

ure T c while the inner cylinder is kept at hot temperature T h . The

ccentricity is considered below the center of the outer cylinder

downward). The temperature gradient generates the natural con-

ection due to the buoyancy effect that signified the Grashof num-

er while the inner cylinder rotation generates the forced convec-

ion that signified the Reynolds number. Via the inner cylinder ro-

ation, the Richardson number ( Ri = Gr/Re 2 ) is created (the Grashof

umber is fixed at 10 4 ). The following assumptions are introduced:

• Thermal equilibrium between the base fluid and nanoparticles 
• Newtonian and incompressible laminar flow 

Constant thermo-physical properties are considered for the

anofluid while the Boussinesq approximation is used for the den-

ity variation in the buoyancy forces. 

= ρo [ 1 − β ( T − T c ) ] . (1)

here β is the coefficient of thermal expansion such that: 

= − 1 

ρo 

(
∂ρ

∂T 

)
P= C 

. (2)

The governing equations for the problem under consideration

re continuity, momentum and thermal energy in two dimensions

teady state. For generalization, the governing equations should be

n dimensionless form by the following formulations: 

V r = 

v r 
ωri 

, V φ = 

v φ
ωri 

, R = 

r 

b 
, θ = 

(
T − T c 

T h − T c 

)
, P = 

p 

ρn f ( ωri ) 
2 
, 

Rr = 

r o 

r i 
, ε = 

e 

b 
, Re = 

ω r i b 

ν f 

, Pr = 

ν f 

α f 

, Ri = 

Gr 

Re 2 
, 

 e = Re Pr , U = 

u 

ωri 
, V = 

v 
ωri 

. (3)
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Fig. 1. Model description with boundary conditions, Rr = 2. 
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The dimensionless form of the governing equations of continu-

ty, momentum and energy in cylindrical coordinate are: 

∂ V r 

∂R 

+ 

V r 

R 

+ 

∂ V φ

R∂φ

)
= 0 , (4) 

(
V r 

∂ V r 

∂R 

+ V φ
∂ V r 

R∂φ
−

V 

2 
φ

R 

)
= −∂P 

∂R 

− ( ρβ) n f 

ρn f β f 

Ri θ cos φ

+ 

1 

Re 

ρ f μn f 

ρn f μ f 

(
∂ 2 V r 

∂ R 

2 
+ 

1 

R 

∂ V r 

∂R 

− V r 

R 

2 
+ 

∂ 2 V r 

R 

2 ∂ φ2 
− 2 

R 

2 

∂ V φ

∂φ

)
, (5) 

(
V r 

∂ V φ

∂R 

+ V φ

∂ V φ

R∂φ
+ 

V r V φ

R 

)
= − ∂P 

R∂φ
+ 

( ρβ) n f 

ρn f β f 

Ri θ sin φ

+ 

1 

Re 

ρ f μn f 

ρn f μ f 

(
∂ 2 V φ

∂ R 

2 
+ 

1 

R 

∂ V φ

∂R 

− V φ

R 

2 
+ 

∂ 2 V φ

R 

2 ∂ φ2 
+ 

2 

R 

2 

∂ V r 

∂φ

)
, (6) 

V r 
∂θ

∂R 

+ V φ
∂θ

R∂φ

)
= 

k n f 

k f 

( ρ c p ) f 

( ρ c p ) n f 

1 

P e 

[
1 

R 

∂ 

∂R 

(
R 

∂θ

∂R 

)
+ 

∂ 2 θ

R 

2 ∂ φ2 

]
. 

(7) 

The dimensionless boundary conditions are: 

 φ = 1 , V r = 0 , θ = 1 . 0 , at R = R i , (8)

 φ = 0 , V r = 0 , θ = 0 and C 

′ = 0 , at R = R o . (9)

Equating the heat transfer by convection to the heat transfer

y conduction at the hot wall; and introducing the dimensionless

ariables, defined in Eq. 3 , the local Nusselt number along the in-

er cylinder is calculated as: 

 u φ = −k n f 

k f 
ln 

(
R o 

R i 

)
×

(
R 

∂θ

∂R 

)
R = Ri 

. (10) 
The average Nusselt number is calculated by integrating the lo-

al value of the Nusselt number on the entire circumference of the

nner cylinder as follows: 

u = 

1 

2 π

2 π∫ 
0 

N u φ dφ. (11) 

The above equations from 4 to 11 are solved for the concentric

nnulus ( ε = 0). Following Lee [39] , Eqs. 4 –7 are transformed to a

ectangular domain ( η – ζ coordinates) for the eccentric annulus

sing the following dimensionless variables: 

ζ = φ (As the eccentricity is in the downward vertical direc-

ion), 

= 

R − R b 

R o − R b 

and R b = ε cos (ζ ) + 

√ 

ε 2 co s 2 (ζ ) + (R 

2 
i 

− ε 2 ) . (12)

Accordingly, the dimensionless boundary conditions will be: 

= 1 , U = 0 , V = 1 at η = 0 , 

= 0 , U = V = 0 at η = 1 , 

∂θ

∂ζ
= 0 , U = V = 0 at ζ = 0 , 

∂θ

∂ζ
= 0 , U = V = 0 at ζ = 2 π. (13)

The average Nusselt number is calculated by: 

u = − 1 

2 π

k n f 

k f 

2 π∫ 
0 

(
∂θ

∂η
× ∂η

∂R 

)
dζ . (14) 

. Numerical code details 

The governing equations are solved using the finite volume

ethod (FVM) developed by Patankar [40] . This solver, which was
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Table 1 

Thermophysical properties of pure water and nanoparticles [43] . 

Physical properties Pure water Cu Al 2 O 3 TiO 2 

ρ (kg/m 

3 ) 997.1 8933 3970 4250 

C P (J/kg K) 4179 385 765 686.2 

k (W/m K) 0.613 400 40 8.9538 

β (K −1 ) 21 ×10 −5 1.67 ×10 −5 0.85 ×10 −5 0.9 ×10 −5 
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established in FORTRAN, was utilized by the author El-Maghlany

[41–43] in several other studies, where a more detailed explana-

tion of the solver and its validation measures were presented. The

numerical solution of the momentum and the energy equations

based on the finite volume method needs to convert the governing

equations (momentum, energy) from the nonlinear partial differ-

ential equations system to algebraic equations system over control

volume from the computational domain. The final form of the alge-

braic equations resulted from the discretization of the differential

Eqs. 4 –7 could be rewritten as: 

a p �p = a E �E + a W 

�W 

+ a N �N + a S �S + Q . (15)

Eq. (15) could be rewritten as follow: 

a p �p = 

∑ 

nb 

a nb �nb + Q . (16)

�p : Represents the dependent variables, � = V r , V φ, θ . 

a P : Represents the coefficient of the variable, �. 

a nb : Represent the neighbor coefficients. 

Q : This quantity resulted from the integration of the constant

part of the source term. 

The system of algebraic equations obtained from the discretiza-

tion of the governing equations is solved iteratively (sweeping

the computational domain along the radial and circumferential di-

rections) by using the line by line procedure, and using the tri-

diagonal matrix algorithm (TDMA). The solving procedure is to

solve simultaneously the continuity equation, momentum equa-

tions, and then the thermal energy equation. 

The method of monitoring convergence is to examine how per-

fectly the discretization equations are satisfied by the current val-

ues of the dependent variables as recommended by Patankar [40] .

For each grid point, a residual R S � could be calculated from: 

R S � = 

∑ 

a nb �nb + Q − a p �p . (17)

A suitable convergence criterion is to require that the largest

value of | R s �| being less than a certain small number. This small

value of | R s �| leads to that the convergence of the solution is ap-

proached when the change in the average Nusselt number through

one hundred iterations, is found to be less than 0.01% of its initial

value. 

In order to verify the independence of the grid and the numer-

ical results and choosing the grid of the computational domain

over which the governing equations will be solved, five different

mesh grids are tested, M-1 (11 ×6), M-2 (22 ×17), M-3 (45 ×35),

M-4 (90 ×70) and M-5 (120 ×100) in R and φ directions (or the

equivalent rectangular domain), respectively. The five meshes are

verified by comparing the local and average values of Nusselt

number at the different mesh sizes. Fig. 2 shows the effect of the

grids number on the solution. The results indicate that there is

unnoticeable difference that could be neglected between both M-4

and M-5 grids. It could be concluded that, the results obtained

using the present code are independent of used grid sizes of M-4

and M-5. From this conclusion, the grid M-4 (90 ×70) is found

to be convenient for the calculation as it gives the same results

as the grid M-5 (120 ×100) with a significant time reduction. In

order to calculate Nusselt number, the numerical differentiations,

( ∂θ
∂R 

) R= R i = Lim 

�R → 0 
( �θ

�R 
) (or equivalent rectangular domain) was

performed, and the 90 grid points in R –direction are adequate

to resolve the thin boundary layer near the hot inner rotating

cylinder (location of Nusselt number calculation). 

5. Modeling of the nanofluid thermophysical properties 

The thermo-physical properties of the base fluid and the differ-

ent nanoparticles are listed in Table 1 . The effective density, heat
apacitance, thermal diffusivity, and thermal expansion coefficient

f the nanofluid are given by [43] . 

n f = ( 1 − λ) ρ f + λρs (18)

( ρC p ) n f = ( 1 − λ) ( ρC p ) f + λ( ρC p ) s (19)

n f = k n f / ( ρC p ) n f (20)

( ρβ) n f = ( 1 − λ) ( ρβ) f + λ( ρβ) s (21)

A number of trials exist that deal with the thermal conductiv-

ty of conventional solid–liquid mixtures. All these paid no atten-

ion to the effects of the random motion of the suspended parti-

les and of the structure of aggregates inside the mixture. Among

hem, Maxwell’s expression [44] is introduced to calculate the ef-

ective thermal conductivity. 

 n f = k f 

[
( k s + 2 k f ) − 2 λ( k f − k s ) 

( k s + 2 k f ) + λ( k f − k s ) 

]
. (22)

However, the random motion of the suspended nanoparticles

hould be considered in order to obtain a formula for the effective

hermal conductivity. This formula includes the effect of the Brow-

ian motion of the nanoparticles and is given by Koo and Klein-

treuer [45] as: 

 n f = k f 

[
( k s + 2 k f ) − 2 λ( k f − k s ) 

( k s + 2 k f ) + λ( k f − k s ) 

]

+ 5 × 10 

4 δ λρ f C p, f 

√ 

κb T 

ρs d s 
f (T , λ) . (23)

The effective viscosity of the nanofluid containing a dilute sus-

ension of small rigid spherical particles is given by Koo and Kle-

nstreuer [45] as: 

n f = 

μ f 

(1 − λ) 
2 . 5 

+ 5 × 10 

4 δ λρ f 

√ 

κb T 

ρs d s 
f (T , λ) . (24)

Both δ and f (T , λ) could be obtained according to the nanopar-

icles type, the nanoparticles volume fraction and the nanoparti-

les diameter ( d s ) [47] while κb represents the Boltzmann constant

44] . 

Fig. 3 includes the average Nusselt number variation with

ichardson number, eccentricity ratio, and the nanoparticles vol-

me fraction for the two different models to the nanofluids ef-

ective viscosity and effective thermal conductivity. One model is

ccording to Maxwell’s expression [44] and Brinkman [46] and

he other that considers the effect of random motion through the

anofluid [45] . Very small differences were found between the re-

ults obtained using both models. In the present study, all results

re based on the more a ccurate model that considers the static and

andom motion of the nanoparticles [45] . 

. Program endorsement and comparison with preceding work 

In order to check the exactness of the numerical solution

ethod employed for the present study, it is validated against

he announced results by Matin and Pop [32] for pure water
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Fig. 2. Local and average Nusselt numbers at hot wall side for different grid sizing, Rr = 2, Ri = 0.01, λ = 0, ε = 0 and Pr = 6.2. 

Fig. 3. Comparison between Maxwell [44] and Brinkman [46] models and Koo and Kleinstreuer [45] model on the average Nusselt number at different Richardson number 

with Cu–Water nanofluid. 
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R  

λ
0  

r  
regular fluid) ( λ = 0.0, Pr = 6.21) natural convection (Ra = 10 5 ) in

n eccentric annulus ( ε = 0.5 downward) for both streamlines and

sotherms. Owing to the symmetry of both contours; the contours

n right half are for the present code, and the contours in left half

re for Matin and Pop [32] , Fig. 4 . Fig. 5 , represents another vali-

ation of the average Nusselt number for Cu–water nanofluid (0 ≤
≤ 0.03, Pr = 6.21) natural convection (Ra = 10 4 ) in a concentric

nnulus ( ε = 0) and an eccentric annulus ( ε = 0.5 downward). The

gure shows a convinced approval between the present code and

heir results. 
. Results and discussion 

In the following sections, the effects of various parameters

n the considered problem are introduced. These parameters are

ichardson number, eccentricity ratio, and solid volume fraction

or different nanoparticles (Cu, TiO 2, and Al 2 O 3 ). The range of

ichardson number Ri, solid volume fraction of the nanoparticles

, and the eccentricity ratio ε, are 0.01 ≤ Ri ≤ 100, 0.01 ≤ λ≤
.05, and 0 ≤ ε ≤ 0.9, respectively. Prandtl number Pr is set to 6.2

epresenting water. All results are performed with thermal Grashof
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Fig. 4. Comparison between Matin and Pop (left section) [32] and present code 

(right section) for pure water, Rr = 2.5, Ra = 105, and ε = 0.5. 
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number Gr, and radius ratio Rr, equal to 10 4 and 2, respectively.

As a base case, the pure water ( λ = 0) is set as a reference to de-

termine the enhancement in heat transfer due to the addition of

nanoparticles. 

7.1. Effects of Richardson number, and eccentricity ratio on the flow 

structure and temperature contours 

The variation of the nanoparticles volume fraction ( λ) on the

behavior of the flow structure is related to the associated change

in the nanofluid dynamic viscosity. However, the profile of the

streamlines almost the same with an insignificant change due

to the change in the dynamic viscosity, Fig. 6 . Consequently, the

nanoparticles volume fraction has been held at fixed value equals

to λ = 0.03 as a sample of the obtained results. Also, the nanopar-

ticles type (Cu, TiO 2, and Al 2 O 3 ) effect on the flow structure has

a slight effect without insignificant variation in the streamlines

profile but only on their strength. This effect will be reflected in

the values of the Nusselt number that will be presented later. As

a sample of the case studies, the streamlines and isotherms will

be discussed for TiO 2 -water nanofluid with a volume fraction λ =
0.03. 

The effect of the Richardson number on the streamlines is

shown in Fig. 7 a for concentric annulus ( ε = 0) and eccentric an-

nulus ( ε = 0.5 and 0.9) with λ = 0.03 and water–TiO 2 nanofluid. 

ε = 0: at Ri = 0.01, the strong effect of the inner cylinder rota-

tion on the contact nanofluid layer is established. This effect over-

comes the vertical buoyancy flow due to the natural convection

effect. The inner cylinder rotational inertia is transmitted through

the nanofluid layers via the viscosity effect. Owing to the uniform

annulus width in the circumferential direction ( ε = 0); the stream-

lines are formed as circular rings close to the rotating inner cylin-

der and diverge in the radial direction. As the Richardson num-

ber increases to Ri = 1, the effect of the inner cylinder rotation is

limited to the contact nanofluid layers. The rest of the annulus is

subjected to the buoyancy force sustained by the temperature gra-

dient (natural convection effect); therefore, clockwise airfoil pro-

file vortex in the right section of the annulus is formed while the

left section is affected by the counter-clockwise rotation of the in-

ner cylinder. As the Richardson number increases to Ri = 100, the

effect of the inner cylinder rotation vanishes and the annulus is

totally subjected to the buoyancy force sustained by the tempera-

ture gradient (natural convection effect). Consequently, a clockwise

vortex in the right section of the annulus and counter-clockwise

vortex in the left section are formed with an airfoil profile. 

ε = 0.5: As the eccentricity ratio increases, the gap between the

two cylinders increases above the inner cylinder and decreases un-

derneath, so that natural convection is enhanced in the upper part

of the annulus. At Ri = 0.01, the effect of inner cylinder rotation

is signified merely at the narrow space below the inner cylinder.
owever, the effect of the inner cylinder rotation is lessened in

he upper annulus part, and the natural convection is announced

nd forms a large stretched vortex above the inner cylinder. As the

ichardson number increases to Ri = 1 and 100, the effect of the

nner cylinder rotation is gradually damped, and the heat transfer

s mainly by natural convection. Via the natural convection effect,

wo large vortices in opposite direction of rotation are formed with

 negligible effect of the forced convection. 

ε = 0.9: As the eccentricity noticeably increases, the annulus

ith the nanofluid is utilized above the inner cylinder i.e. high

atural convection effect with weak forced convection effect. The

treamlines profile takes the same form as ε = 0.5 but with more

trengthen upper vortices. It should be observed that at Ri = 100

ith large eccentricity ( ε = 0.9), the flow in the annulus is regu-

arly natural convection flow with the absence of the forced con-

ection effect. It could be concluded that the eccentricity in the

ownward direction enables unrestricted fluid motion at the top

f the inner cylinder that assists the natural convection effect to

e noteworthy. 

Fig. 7 b represents the effect of both Richardson number and

ccentricity ratio on the isotherms, the isotherms profile gives a

omplete map explains the mechanism of the heat transfer. At Ri

 100, the natural convection is dominated, and a plume above

he inner cylinder is formed towards the fixed outer cylinder due

o the natural convection effect at different eccentricities ( ε = 0,

.5, 0.9). However, the higher the eccentricity ratios, the higher the

sotherms density near the hot inner cylinder ( ∂ θ/∂ R increased),

hich indicates a significant enhancement in the heat transfer. As

he Richardson number decreases to 0.01, the forced convection is

ominated, and the plume vanishes gradually. With ε = 0, the nat-

ral convection effect vanishes, and the isotherms are in logarith-

ic distribution characterizes a conduction heat transfer (low heat

ransfer rate). As the eccentricity increases to ε = 0.9, the den-

ity of the isotherms increases associated with an enhancement in

eat transfer. If the Richardson number is unity (Ri = 1), the effect

f both natural convection and forced convection is pronounced.

he isotherms are in mixed convection profiles that are affected

y both natural and forced convection heat transfer mechanism. 

The above clarification of the isotherms will be valuable in the

iscussion of the desired major heat transfer parameter that is

alled the Nusselt number. 

.2. Effects of Richardson number, nanoparticles volume fraction, and 

ccentricity ratio on the average Nusselt number 

The core outcome of the present study is the average Nusselt

umber involves the heat transfer coefficient valuation. First, as

he Richardson number decreases, the heat transfer is mainly in-

uenced by the forced convection heat transfer; this means high

usselt number. This phenomenon compartment only on the in-

ernal forced flow (the flow inertia force). However, in a lid-driven

avity or lid-driven annulus, the influence of the externally forced

onvection is established at the thin fluid layer in contact with the

oving part. This effect is transmitted inversely with the gap or

he annulus width and proportionally with the fluid viscosity. Con-

equently, in this study, the heat transfer enhancement not neces-

arily related to the lower values of the Richardson number, but

ith the other parameters contribution ( ε, λ, and nanoparticles

hysical properties). Fig. 8 represents the effect of the Richard-

on number, nanoparticle volume fraction, the eccentricity ratio

nd nanofluid constituents on the average Nusselt number. In gen-

ral, the higher the eccentricity ( ε = 0.9 downward), the higher

he Nusselt number at different considered parameters ( ε, λ, and

anoparticles physical properties). This could be explained as the

ownward movement strengthens the upward natural convection

ffect within the inflated space above the hot inner cylinder. The



W.M. El-Maghlany, M.M.A. Elazm / Journal of the Taiwan Institute of Chemical Engineers 63 (2016) 259–270 265 

Fig. 5. Comparison between Matin and Pop [32] and the present code results for Cu–Water nanofluid, Rr = 2.5 and Ra = 104. 

Fig. 6. Streamlines and isotherms for water–TiO2 nanofluid, ε = 0.9. 
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arrow space below the inner rotating hot cylinder strengthen the

xternal forced convection effect of the rotating inner cylinder. The

uperposition of these two effects–natural convection in the up-

er part and forced convection in the lower part–leads to a not-

cable augmentation in the heat transfer. This augmentation, of

ourse, decreases as the forced convection effect decreases (1 ≤
i). As the eccentricity decreases, the effect of the forced convec-

ion decreases due to the increase in space below the inner cylin-

er even at small values of Richardson number, this phenomenon

s more obvious at ε = 0 (concentric annulus). As the Richardson

umber increases with decreasing in the eccentricity ( ε < 0.9), the

atural convection effect is powered, and enhancement in Nusselt

umber occurs. Fig. 9 represents the augmentation of the aver-

ge Nusselt number due to the nanoparticles addition for differ-
nt eccentricities and Richardson numbers. The peak augmenta-

ion in the average Nusselt number is established at zero eccen-

ricity (concentric annulus) with mixed convection state (Ri = 1),

ut the absolute peak average Nusselt number is established at

i = 0.01 with ε = 0.9, Fig. 8 . The effect of nanoparticles addi-

ion ( λ> 0) on the convection enhancement is related to the aug-

entation in the nanofluid thermal conductivity ( k n f / k f ) , but the

emperature gradient at the hot cylinder surface decreases as the

hermal diffusivity increases ( k/ρ C P ) nf . This leads to a decrease or

ncrease in the convection effect relying on the weighting effect

atio between both temperature gradient at the hot cylinder sur-

ace and the nanofluid thermal conductivity ratio. Furthermore, the

orced convection is powerfully generated at the hot surface (loca-

ion of the temperature gradient calculation), and any increase in
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Fig. 7. (a) Streamlines for water–TiO 2 nanofluid, λ = 0.03. (b) isotherms for water–TiO 2 nanofluid, λ = 0.03. 
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the nanoparticles volume fraction leads to an increase in thermal

diffusivity. This strengthening in the thermal diffusivity leads to

an excessive reduction in the temperature gradient ( ∂ θ/∂ R ) which

overcomes the enhancement in the nanofluid thermal conductiv-

ity ( k n f / k f ) . These concepts explain the reported results in Fig. 10 .

The figure represents the average Nusselt number using different

nanofluids (Cu, TiO 2, and Al 2 O 3 / water) at different values of Ri

and λ with ε = 0.9 as an optimum eccentricity. At Ri = 100, the

heat transfer is dominated by the natural convection effect. As the

solid volume fraction, λ tends to 0.01, the augmentation in thermal

conductivity overcomes the reduction in the temperature gradient

and hence peak Nusselt number is established. As the solid vol-

ume fraction, λ increases ( λ> 0.01), the opposite take places. At Ri

= 10, the heat transfer is still in the natural convection domain,

while the forced convection effect initiates, and the enhancement
 a  
ue to nanoparticles addition is reduced. Moreover, the addition

f nanoparticles in natural convection domain (Ri > 1) always en-

ances the heat transfer ( Nu/N u λ=0 > 1 ) depends on the nanopar-

icles volume fraction with peak enhancement at λ = 0.01. At Ri =
, the effect of the forced convection is more pronounced, and the

maller the nanoparticles volume fraction, the higher the enhance-

ent and vice versa. At both Ri = 0.01 and Ri = 0.1, the forced

onvection effect is very strong, and the addition of nanoparticles

educes the average Nusselt number. 

.3. Comparison between different nanofluids 

A comparison among different types of nanofluids (Cu, TiO 2, 

nd Al O / water) is presented in Fig. 10 . The results show that,
2 3 
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Fig. 8. Average Nusselt Number for different nanoparticle concentrations, and different eccentricities. 

Fig. 9. Average Nusselt Number augmentation due to the nanoparticles addition. 
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Fig. 10. Average Nusselt number at different concentrations and Richardson numbers, ε = 0.9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

the optimum selection of the nanofluid depends on the heat trans-

fer manner (Ri value). At forced convection domain (Ri = 0.01 and

0.1), it is better to use TiO 2 and Al 2 O 3 nanoparticles as an addi-

tive to nanofluids for thermal applications. At mixed convection

and natural convection heat transfer in the annulus (Ri = 1,10,100),

the higher the thermal conductivity, the higher the enhancement

of the heat transfer. So, it is better to use Cu nanoparticles ( k =
400 W/m K ) as an additive to nanofluids for thermal applications. 

8. Conclusion 

In this paper the influence of eccentricity, nanoparticle volume

fraction and Richardson number on the average Nusselt number,

streamlines and isotherms have been studied for an eccentric an-

nulus filled with (Cu, TiO 2, and Al 2 O 3 / water) nanofluids. The op-

timum and worst operating conditions with respect to the heat

transfer are listed in Table 2 . The main results could be abbrevi-

ated as: 
➢ The addition of the nanoparticles does not necessarily enhance

the heat transfer, the addition of the nanoparticles is related

strongly to the Richardson number and the eccentricity ratio. 

➢ At forced convection heat transfer (Ri = 0.01 and 0.1), the addi-

tion of nanoparticles reduces the heat transfer rate particularly

at high eccentricity ratio ( ε = 0.9) and different nanoparticles

type (Cu, TiO 2, and Al 2 O 3 ). 

➢ The peak augmentation in the heat transfer due to the nanopar-

ticles addition is established at mixed convection manner (Ri =
1) with optimum augmentation at zero eccentricity (concentric

annulus). 

➢ The absolute peak average Nusselt number is established at Ri

= 0.01 with ε = 0.9 using regular fluid ( λ = 0). 

➢ The effect of increasing the nanoparticles solid volume fraction

λ has a negative effect on in the domain of forced convection

heat transfer (Ri = 0.01 and 0.1), however at mixed convection,

Ri = 1, and natural convection, Ri = 10 and 100, it has a posi-

tive effect through peak enhancement at λ = 0.01 for concen-

tric annulus ( ε = 0). 
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Table 2 

Optimum and worst operating conditions for heat transfer rate. 

TiO 2 –Water Cu–Water Al 2 O 3 –Water 

λ λ λ

0 0.01 0.03 0.05 0 0.01 0.03 0.05 0 0.01 0.03 0.05 

Ri = 0.01 ε 0 × × ×
0.5 

0.9 � � �

Ri = 0.1 ε 0 × × ×
0.5 

0.9 � � �

Ri = 1 ε 0 × × ×
0.5 

0.9 � � �

Ri = 10 ε 0 × × ×
0.5 

0.9 � � �

Ri = 100 ε 0 × × ×
0.5 

0.9 � � �

Note: The mark ( �) refers to optimum and ( ×) for worst. 
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